A new approach for a construction of homo and heteroclinic trajectories of some principal non-linear dynamical systems is utilized here, namely the non-linear Schrodinger equation, non-autonomous Duffing equation and the equation of a parametrically excited damped pendulum are considered. PadeÕ and quasi-PadeÕ approximants and a convergence condition used earlier in the theory of non-linear normal vibration modes made possible to solve a boundary-value problems formulated for the orbits and to determine initial amplitude values of the trajectories with admissible precision. The approach proposed here is more exact than the generally accepted one because it is not necessary to use here separatrix trajectories of the corresponding autonomous equations.
Introduction
Homo and heteroclinic trajectories (HT) have been extensively studied in the literature [1, 2] . A formation of HT is a criterion of a chaotic behavior beginning in dynamical systems.
Note that it is necessary to determine some important parameters for a construction of HT. For example, we have to know four parameters including two initial values to construct HT of the non-autonomous Duffing equation (we discuss the problem later, in Section 4). In most cases authors of last and recent publications on the HT construction make use of the well-known Melnikov condition of the trajectory formation [3] [4] [5] [6] which gives us a single equation for a determination of all unknown parameters. As a result in the Melnikov condition, separatrix trajectories of the corresponding autonomous equations that is HT of zero approximation are utilized. A problem of effective analytic approximation of HT of non-autonomous system is difficult and it is not solved up to now.
Here a new approach for the HT construction in the non-linear dynamical systems with phase space of dimensions equal to two is proposed. PadeÕ approximants (PA) and quasi-PadeÕ approximants (QPA) are used for a representation both the HT in the dynamical system phase space and the corresponding time solution. (Note that QPA which contain powers of some parameter and exponential functions were considered in Ref. [7] .) Convergence condition used earlier in the theory of non-linear normal vibration modes [8] [9] [10] as well conditions at infinity made possible to solve the boundary-value problem formulated for the HT and evaluate initial amplitude values with admissible precision. It is important that the HT criterion of the chaos beginning proposed here is more exact than the generally accepted Melnikov criterion, because it is not necessary to use here separatrix trajectories of the corresponding autonomous equations. Note that PA were successfully used earlier for the HT analytic approximation in non-linear Schrodinger equation and Lorenz system [11] [12] [13] [14] .
This work is structured as follow. First, the convergence condition is discussed in Section 2. Realization of the approach proposed here was made for the localized solution of the non-linear Schrodinger equation. Corresponding results are presented in Section 3. A boundary-value problem for homoclinic orbits and a construction of the trajectories for the non-autonomous Duffing equation is discussed in Section 4. A boundary-value problem and a construction of heteroclinic orbits was presented for the equation of a parametrically exited damped pendulum in Section 5. Comparisons between analytical estimates and numerical calculations are also presented with a discussion of the main features of the proposed approach.
Convergence condition
Let us assume that there are local expansions of solution obtained at small and large values of a parameter c (for example, the parameter is an amplitude value or initial energy of the system). For small values of c the local expansion can be determined as a power series in c, while for large values of c it can be determined as a power series in c À1 :
In order to join local expansions (1), fractional rational diagonal two-point PA [15] 
By comparison expressions (1) and (2) and retaining only the terms with an order of c r ðÀs 6 r 6 sÞ we will obtain a system of 2ðs þ 1Þ linear algebraic equations for the determination of coefficients a j , b j . Since generally the determinant of the system D s , is not equal to zero, the system has a single trivial exact solution. But we need in PA corresponding to the retaining terms in Eq. (1) having non-zero coefficients a j , b j . Without loss of generality it can be assumed that b 0 ¼ 1 Now, the system of algebraic equations for determination a j , b j becomes overdetermined. All of the unknown coefficients can be determined from (2s þ 1) equations while the ''residual'' of this approximate solution can be obtained by substitution of all the coefficients into the remaining equation. Obviously, the residual (or ''error'') is determined by the value of D s since non-zero solutions and consequently exact PA will be obtained in the given approximation by c only in the case when D s ¼ 0. Hence the following is a necessary condition for convergence of the succession of PA s (2) at s ! 1 to fractional rational function P 1 [8] [9] [10] . Namely,
It is possible to generalize the necessary condition for convergence (3) to QPA which contain powers of some unknown parameter and exponential functions. Besides, it is possible to utilize the condition (3) for obtaining some unknown parameters which is contained in local expansions.
Example. Consider a function f ðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ð1 þ xÞ=ð1 þ 4xÞ p . Local expansion of this function at small and large values of x are the following:
Let us introduce some unknown parameter B in the second expansion (5):
It is possible to obtain parameter B constructing PA and using convergence condition (3). So, let
Comparing it with expansions (4) and (6) one obtain four equations:
Simple calculations show that an ambiguity of this approximation will be reduced if B ¼ 0:46967. If we will consider PA 2 
Þ then we obtain six equations:
The value B ¼ 0:498595 can be obtained from a condition D 2 ¼ 0 corresponding to Eq. (3) in this approximation. It is clear that sequence B ðiÞ converges to the correct value B ¼ 0:5.
Non-linear Schrodinger equation
In this section a realization of the approach proposed in this paper will be made for a localized solution of non-linear Schrodinger equation. The boundary-value problem considered here can be obtained in a problem of localized axially symmetric solutions of two-dimensional non-linear Schrodinger equation:
A spectrum of the problem is discrete (a corresponding theorem of existence is contained in [16] ). But all the solutions excepting one of them are unstable. Since the sought solutions are expected to be analytic functions of x, they can be expressed in Taylor series in vicinity of zero:
where a 0 is an arbitrary constant, a 2 ¼ Àð1=4Þa
To determine an initial value of the solution under consideration a 0 , we will use the following procedure. We multiply the Eq. (7) by y 0 ðxÞ and integrate along the trajectory of a solution under consideration, substitute the expansion of yðxÞ and integrate within limits from
It means that an energy along the integral trajectory saves on the average.
Substituting the expansion of yðxÞ in the integral, one can obtain after integration the following:
. . . Then, assuming that the obtained local expansion Ax 2 þ Bx 4 þ Cx 6 þ Á Á Á represents an analytical function, we rebuild the expansion to the diagonal PA m . This is an analytical continuation ad infinitum of the corresponding local expansions. A succession of the PA m is the following:
where unknown coefficients a i , b i are computed in terms of a 0 by comparing PA m and the local expansion from Eq. (8) .
Using conditions at infinity we obtain from (8) a succession of the following algebraic equations to determine yð0Þ ¼ a 0 :
By solving these equations next values of a 0 were obtained:
The initial value corresponding to the decaying solution was numerically estimated by means of selection as a num 0 ffi AE2:206 [11] . It is clear that the succession (9) converges to the exact value.
Non-autonomous Duffing equation
Let us consider the well-known non-autonomous Duffing equation which can be obtained, for example, by discretization of dynamical models of non-linear rods, plates or shells:
where yðtÞ is an unknown function; d is a coefficient determining a friction; all coefficient are positive. Eq. (10) makes sense for a description of post-buckling dynamics of non-linear elastic systems.
For a construction of HT we need information about initial point (a 0 ; a 1 ), corresponding to time moment t ¼ 0, and about some special relation of the system parameters, namely x, f and d. Also it is necessary to know a shift of a saddle point of the autonomous Duffing equation b 0 . Thus we should obtain a system of equations for determination of a 0 ; a 1 ; b 0 , and the pointed out relation of parameters x, f and d.
Let us do some assumptions for solving of this problem. We will use PA and QPA representations for the HT and for the corresponding time-solution. The convergence conditions (3) as well conditions at infinity give us a system of algebraic equations to obtain unknown parameters.
The first one is the condition at infinity. We assume that HT intersects an unstable equilibrium position, that is ðy; y 0 Þ ! t!AE1 ðb 0 ; 0Þ.
Besides let us assume that yðtÞ is an analytical function on the HT, so we can consider local expansion of yðtÞ in Taylor series in vicinity of zero.
Using these assumptions, PA and QPA and convergence condition we will obtain the unknown a 0 , a 1 , b 0 and the relation between parameters f , d corresponding to HT while a frequency x fixed.
Let us consider a local expansion of yðtÞ in Taylor series in vicinity of zero:
where a 0 ; a 1 are the arbitrary constants, a 2 ¼ Àða 
The last relation represents phase trajectories of the non-autonomous Duffing equation. Consider now HT which reaches an unstable equilibrium position (b 0 ; 0) at infinity. If we integrate within limits from t ¼ 0 to t ¼ AE1 we can obtain the following:
It is interesting that an integration along the closed HT within limits from t ¼ À1 to t ¼ þ1 gives us the wellknown Melnikov condition of the form:
The equation can be considered as a condition of conservation of the non-autonomous dynamical system energy along the closed HT on the average. Note that here the Melnikov condition is not directly used. Let us consider R ðdy 0 À f cos xtÞy 0 dt. After substitution of the local expansion of yðtÞ and integration one obtains:
where
Now let us reorganize the expansion (13) to the PA:
Comparing PA p 3 in the form (14) and the local expansion (13) one has: a 1 ¼ A,
Passing to the limit at infinity in the relation (13) and taking into account (14) we can obtain the following:
The additional equation is obtained using a convergence condition (3) for PA
Now let us reorganize the local expansion (11) to the QPA which is similar to the separatrix solution representation in autonomous Duffing equation to obtain an analytical continuation of lie local expansion (16) ad infinitum. It is important that a correctness of the representation which contains exponential functions, is verified by computer calculations using the Runge-Kutta procedure (see, for example, Figs. 3 and 4 which are presented later).
It follows from (17) that
where coefficients a i , b j , are determined from the Eq. (17) by means of expansion of exponential functions in powers of t and comparison of power coefficients.
Finally we can obtain a convergence condition in the form (3) for QPA in the form (17):
Eqs. (15), (16), (18) and (19) form a system of four non-linear algebraic equations for calculation a 0 , a 1 , b 0 and f ¼ f ðdÞ while a frequency x is fixed. The algebraic system is solved by using Newton method while x ¼ 1. Table 1 presents It is essentially that the boundary obtained by procedure proposed in the present paper is closer to a real situation that the corresponding boundary obtained by the Melnikov method where a separatrix trajectory of the autonomous Duffing equation is used. 
Equation of a parametrically excited damped pendulum
A damped parametrically driven mathematical pendulum can be described by the following equation [17] :
Such an external perturbation which acts upon a parameter--the amplitude of the back-driving force--is easy to realize by a periodic vertical displacement of the suspension point of the pendulum. Let us consider the following equation
obtained from Eq. (20) after a shift y ¼ x þ p. In this case we apply proposed approach for a construction of heteroclinic trajectory corresponding to the saddle points (2pn; 0) (n 2 Z) in the phase space. (12), (13), (15) Like for the non-autonomous Duffing equation we do the same assumptions and we obtain the first algebraic equation by multiplying by y 0 and integrating within limits from t ¼ 0 to t ¼ 1: Thus the first equation is
Reorganization of the local expansion of the sought solution near zero
6 þ Á Á Á to the QPA takes an analytical continuation of the expansion ad infinitum
and the second equation can be obtained from here as a condition at infinity:
Then one can obtain equations from the convergence condition (3) realized for PA from (22) and for QPA from (24): 
Eqs. (23), and (25)-(27) form a system of four non-linear algebraic equations for calculation a 0 ; a 1 ; b 0 and f ¼ f ðdÞ while x is fixed. Table 2 presents values of a 0 , a 1 , b 0 and external amplitude f as functions of the friction coefficient d obtained from the system using Newton method while x ¼ 1. 
Concluding remarks
The methodology presented in this work is sufficiently general to be applicable to other types of non-linear systems of dimensions equal to two or three or more.
To apply the approach one needs to continue local homoclinic or heteroclinic approximations at t ¼ 0 to infinity by using quasi-PadeÕ approximations. Simultaneously we consider a phase trajectory of the solution which can be obtained if we multiply the original equation by y 0 ðtÞ and then integrate along the trajectory of the solution within limits from zero to infinity. In the relation obtained after integration, an analytical continuation of local expansion to infinity is made by using the PadeÕ approximation. Besides, the necessary conditions of convergence of the PA or QPA are utilized, and as a result it is obtained some system of algebraic equations to calculate relevant parameters of HT, including initial values. It is important that it is not necessary to use here a separatrix trajectory of the autonomous Duffing equation.
Checking numerical calculations of the HT wife initial amplitudes values obtained as solutions of the algebraic equations show a acceptable precision of the proposed analytical procedure. Moreover, boundaries of the chaotic behavior region in parameter place (d; f ) obtained by the proposed approach is closer to the known real situation than boundaries obtained by using the Melnikov method.
